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Abstract

The analytic expression of the time evolution of the Reynolds stress
anisotropy tensor in all planar homogeneous flows is obtained by exact inte-
gration of the modeled differential Reynolds stress equations. The procedure
is based on results of tensor representation theory, is applicable for general
pressure-strain correlation tensors, and can account for any additional turbu-
lence anisotropy effects included in the closure. An explicit solution of the
resulting system of scalar ordinary differential equations is obtained for the
case of a linear pressure-strain correlation tensor. The properties of this so-
lution are discussed, and the dynamic behavior of the Reynolds stresses is
studied, including limit cycles and sensitivity to initial anisotropies.

I. INTRODUCTION

The dynamical behavior of the Reynolds stresses in homogeneous flows is modeled by a
tensor evolution equation. Previous studies have focused on the fixed points associated with

3 in order

the equilibrium states of the Reynolds stresses for several homogeneous flows' ™
to assess the stability of higher order models and the ability of these models to reach the
correct solution points. In recent studies, such fixed points have been obtained analytically
for all planar homogeneous flows in both inertial and noninertial frames as asymptotic states
of the evolution of the Reynolds stresses.* In the present paper, the time evolution of the
Reynolds stress anisotropy tensor is obtained analytically for all planar homogeneous flows.
The resulting explicit expression for the Reynolds stress anisotropy tensor is quite compact
and can be expressed as ratios of sums of exponentials in time.

Such an analytical solution is obtained through a recasting of the tensor equation for
the Reynolds stress anisotropy into an equivalent set of three scalar ordinary differential
equations in three scalar invariants by using representation theory. This procedure can be
applied to the Reynolds stress model equations in which the pressure strain correlation ten-
sor is modeled in a general way, including quadratic or higher order terms, and additional
anisotropy effects can be incorporated. The solution of the resulting set of ordinary differen-
tial equations is obtained for the case of a linear pressure-strain correlation tensor, with no



additional anisotropy effects included. The present explicit nonequilibrium stress solution
predicts stress anisotropies that are quite close to the ones given by the modeled Reynolds
stress anisotropy evolution equation over all times. The differences can be attributed to
the assumption of a slow variation of the relative strain parameter that had to be made in
obtaining the explicit expression of the stress anisotropies. All the dynamic features of the
Reynolds stress evolution are captured by the explicit time solution, including limit cycles.

II. EVOLUTION OF REYNOLDS STRESS ANISOTROPY

Consider incompressible, homogeneous turbulent flow, where the velocity w; and the
kinematic pressure p are decomposed into the ensemble mean and fluctuating parts:

w=u; +u, p=p+p. (1)

In homogeneous conditions, the velocity gradients du;/0x; are independent of position.
These gradients are also assumed to be independent of the time. The Reynolds stress tensor
T;; = uju’; is a solution of the time evolution equation
Tij = — a0t ®ij —ij — 20 (emkjTik + €mkiTik), (2)
k

which is valid in an arbitrary noninertial reference frame that can undergo a rotation with
angular velocity Q,, relative to an inertial frame. In (2), e;;; is the permutation tensor and

_(Oul O B dul du';
O, =p (a—x] + 61’2)7 €ij = 2v (awk 6—:1;k) ) (3)

are the pressure-strain correlation and the dissipation rate tensors (where v is the kinematic

viscosity), respectively.

1

With the turbulent kinetic energy K = gjulu{, the scalar turbulent dissipation rate

g = %5“', and the Reynolds stress anisotropy tensor

Tis 1
=3~ 3% )

the term ®;; is modeled in the commonly used second-order closure models in the general
form? as

i = —=(C0+ CL2) byj + Co Sij + Cs I (b Sk + Sinbr — 2byun Sy )
— Cy K (bip Wiy — Wibgj) + CaKQy (big€mij — €mirbi;) (5)
+ Csf(bikbkj - %bmnbnm5ij) )

Above, the strain rate 5;; and rotation rate W;; tensors are defined as

L {0u;  du; 10w Oy
SZ _2 (8x]+6x2)’ VVZ _2 (al’]‘_al‘i)7 (6)
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and P = —7;;5;; = —2K0b;;5;; 1s the turbulence production. The coeflicients C?, 1, and
'y — U5 can, in general, be functions of the invariants formed on b;;, 5;;, and W;;. Equation
(5) can be shown to be the most general form for ®,;. For example, the pressure-strain
model of Speziale, Sarkar and Gatski? (SSG) gives the following coefficients:

CY=34, C] =18, O3, =0.36, C3=1.25, Cy =04, C5 = 4.2, (7)

The substitution of (5) into (2) yields the following general evolution equation for the
Reynolds stress anisotropy tensor b;;, written in matrix form and in nondimensionalized

variables
A N N (bS* 45— g{los*}I) + as(bW* — WD) (8)
dt* qgn 3
+ 1@4 <b2 — l{bz}I) —a1S* - L7,
n 3
where

S*=5/y/{S?}, W" = W/\/{s?}, L" = L/\/{s?}, (9)

n=1/{S?},  (=1\/—{W2} " =1/{S?}. (10)

The tensor W;; accounts for noninertial effects

VT/Z] — M/ZJ - chmemija (11)
where ¢, = (Cy —4)/(Cy — 2). The following definitions are used for the coefficients:
1o/l NP1,
— == 1) —+=C{ -1 12
S= (e e (12)

0 = (g _ 02) 12, = (2=C0)/2, as=(2—C5)/2,  ay=Cs/2. (13)

The tensor L can generally contain the additional turbulence anisotropic effects, and the
scalar coefficients a; may generally be functions of the invariants n and (. In the current
context, L i1s taken simply as d to represent the effects of the dissipation rate anisotropy,
with the dissipation rate anisotropy tensor defined as
;1
di; = =L — =6;;.
T2 377

Equation (8) is equivalent to (2), but must be supplemented with an equation for the tur-

(14)

bulent kinetic energy K
K=P—¢, (15)

and for closure, an equation for the turbulent dissipation rate

2

. 9 &
& = 051?73 — 052?, (16)

where (', and C., are closure constants.



ITI. SOLUTION OF REYNOLDS STRESS EQUATION
A. Equivalent Scalar Representation

The tensor relation (8) governing the evolution of the stress anisotropy cannot be manip-
ulated further because it involves matrix products and their transpose. Even with lineariza-
tion (a4 = 0), the terms that factor b cannot all be grouped to allow for the integration of
the system of ordinary differential equations. The following technique, however, transforms
the tensor relation into an equivalent system of scalar ordinary differential equations, which
in turn can be solved.

With the evolution of the anisotropy tensor b governed by equation (8), the tensor b can
be assumed to be dependent only on the tensors S* and W*, as well as on scalar quantities
such as t*, n, and (. It can be shown® in this case that for two-dimensional flows the exact
representation for the tensor b is given by

{bW=S*}
{W~2}
Equation (17) thus shows that if the three scalar invariants {bS*}, {bW*S*}, and {bS**}
can be determined independently of (17), then a knowledge of these scalar functions is

equivalent to knowing b. In addition, the representation (17) can be used to construct (see
Appendix A) the nonlinear term in (8),

b = {bS*}S* + (S*W* — W*S™) + 6{bS™*} (3*2 — %I) : (17)

(bW*S*}{bS"?}
{W~2}

+ ({los*}2 - Qi{b{vv‘cj? - 6{bS*2}2) (872 -11),

b — %{bQ}I — 2{bS*}{bS?)S" + 2 (S W* — W*S) (18)

which clearly shows the same tensor function representation as in (17), as well as a depen-
dency on the same three scalar invariants. Independent of the representations shown in (17)
and (18), equations for the three scalar invariants {bS*}, {bW=*S*}, and {bS**} can be
formed (see Appendix B) from the Reynolds stress anisotropy evolution equation given in
(8). For simplicity, the following variables are introduced

B, = {bS*},  B,={bW'S*}), By ={bS?}, (19)

and the representation in (17) is rewritten as
* B2 * * *Q* *2 1
b:Bls—@(SW—WS)+6Bg<S —gI), (20)
where

e O (W

o {82}
The evolution equation (8) is, therefore, equivalent to the system of ordinary differential

scalar equations in the scalar invariants {bS*}, {bW*S*}, and {bS**} that is obtained as
shown in Appendix B (equation (B5)),




. 2
B1 = (QOéBl — é)Bl + 2a2B2 — 2G3B3 + ﬁB1B3 — a1 — Ll,
U] U]

. 2
B2 = —G2R2B1 —I' (205B1 - é)B2 —I' EBQBS - L27 (21)
n n
o I¢] ag 5 T P
B3 = —§G3B1 —|— (QOéBl - ;)B:), ‘|‘ @Bl -I' 3nR2 B2 - ;BS - L37

where the tensor L appears through the invariants
Ly = {L*S*}, Ly = {L*W*S*}, Ly = {L*S**}. (22)

Equation (21) is a system of three algebraic ordinary differential equations in the three
unknowns By, By, and Bs, which is quadratic even if a4 # 0 because g depends on By,

1
; = —QOénBl —|— 6, (23)

with o = (/241 and 8 = C?/2—1. Note that the degenerate case of n = 0 is not considered
because either the absence of mean velocity gradients or the absence of a turbulence field
would be implied. Of course, no such restrictions apply to (, so the case of ( = 0 is not
precluded.

The dynamic system (21) is subjected to the initial conditions

Bio = {beS™}, Byo = {bgW"S"}, Bsy = {boS**}, (24)

where by is a given initial anisotropy.

B. Solution of Reynolds Stress Equation

The system of scalar ordinary differential equations (21) with the representation in
(20), which is equivalent to the original tensor evolution equation for the Reynolds stress
anisotropy (8), has a significant advantage in that it is much more tractable and better suited
for analysis than the original tensor equation. Any expression for the extra anisotropy tensor
L can be provided which involves the stress anisotropy tensor to any degree of complexity.
It then suffices to study the resulting dynamical system (21) to have a complete description
of the evolution of the Reynolds stress anisotropy tensor (8). In the case of pressure-strain
rate models that are only linear in the Reynolds stress anisotropy so that a4 = 0 (compare
(5) with C5 = 0) and for which no additional anisotropies are included L = 0, an explicit
solution of the system of ordinary differential equations (21) can be obtained. The solu-
tion procedure for the resulting differential system is not straightforward, and the major
steps of its derivation are given in Appendix C. The final expression for the Reynolds stress
anisotropy tensor, which is the solution of the modeled evolution equation (8) with a4 =0
and L = 0, is rather compact and involves ratios of characteristic functions W;:



wazllﬁa—wﬂﬂ,

20 | p(t) Wyt
o ayR? g Wy () 1
Balt) = %zb‘mmwww‘%wﬂ+www&“ (25)

o an BU(tr) 1 !
Bs(t) = & [ o) Uy(tr) \Ilz(t*)] ")

B370.

The characteristic functions W; are the fundamental solutions of a quadratic nonlinear system
of two ordinary differential equations (see Appendix C) and are related by W, = W; and
\I}3 — \IIQ,

() = K [ e 4 o+ 1)),
U,(1) = K2, et (26)
Us(t*) = K2, et

where

27

28
29
30

H = %a% —2a3R?,

H° = 4a(ay By — a3 Bay),

Hr = [)‘72« —2a\Bio— (H + HO)]()‘p — )
v=1(As = X)/ A1+ (A1 = A3)/Aa + (Aa — A1)/ As,

and K = [(A2—A1)(As— A1) (As—A2)] 7L In (29), the indices p and ¢ are such that e,,, = —1.
Finally, the parameters A, are the eigenvalues that are obtained as roots of the following
third-order characteristic polynomial equation:

A% — é)\z — (H 4+ 2cay) A+ gH =0. (31)

n

(27)
(28)
(29)
(30)

In (25), the relative strain parameter depends on the time n = 5(#*), and its evolution is
governed by an additional equation. However, in the derivation of the explicit solution of the
system of ordinary differential equations (21), the relative strain parameter n was assumed
not to vary in time, 57 ~ 0. (See Appendix C.)

IV. ANALYSIS OF DYNAMICAL BEHAVIOR
A. Transient Behavior

Equations (20) and (25) completely determine the solution of the modeled evolution
equation for the Reynolds stress anisotropy tensor for all planar homogeneous turbulent



flows. Any initial stress anisotropy can be taken into account. The scalars B; of the ex-
pansion in (20) involve ratios of the characteristic functions W;, which are expressed as the
sum of three exponential functions. Because the arguments of the exponentials are the same
for all characteristic functions and are given as the roots of the characteristic polynomial
(31), the dynamical behavior of the stress anisotropies will essentially be determined by the
location of these roots in the complex plane. If A; and A, are defined as

1 2 1 13
A = 3 (H—|—20é6l1—|—§f—), A2:_§§ (H_Oéal__ﬁ_)v (32)

then the discriminant of the third-degree polynomial equation (31) is given by
A= A7+ A (33)
The discriminant depends on the parameters H and 7 only and can be rewritten as

B Ih 2 52
A = —H +(aa1+10aa1H—2H)
77

—5- + (H + 2@@1)3] : (34)

Because H is a function of R (see equation (27)), the value of the discriminant will be
essentially determined by R and 5. Figure 1 shows the evolution of the discriminant A as a
function of 5, for different values of the parameter R. Three cases must be distinguished:

0.10

0.05 -

Complex roots ]

IR =R,~1.231

0.00 -

>
Real roots |
=
|
[N

-0.05 |- :
A o10f :
-0.15 f IRI=05 |
-0.20 | |
RI=R, ~ 0.271
-0.25 - IR =0.125
IRI=0
030t . ...
0 5 10 15

n
FIG. 1. Evolution of discriminant of cubic root equation as function of 5 for different values of

parameter R, as labeled.

(a) A<O

The three roots of the characteristic polynomial are real, and the characteristic functions
U, are combinations of real exponentials. Because a property of the roots of a third-degree
polynomial is that Ay + Ay + A3 = (/7 is always positive, at least one root is positive.

7



(b) A >0

Two roots are complex conjugates, for example, \; = A3 = d 4+ 1w and A\ = A. The
characteristic functions can then be expressed as

qll(t*) = [X’/ [e”* + edt*(fn cos wt* + f12 sin wt*) + flg] 5
Uy(t*) = K’ [)\e”* + e (fa1 cos wt* + fagsin wt*)] , (35)

Us(t*) = K’ [)\26”* + e f31 cos wt* + fagsin wt*)] ,

where K" and f;; are constants. Because a property of the roots of a third-degree polynomial
is that A(d* + w?) = —Hp/n and X\ + 2d = (3/n always, A will be positive when H < 0.
When H > 0, A < 0 and, thus, 2d = /5 — XA > 0. Therefore, in this case also, one root will
have a positive real part.

(c)A=0

The roots are all real, and two of them are equal, for example, Ay = A3 = A. In this
case, p; = 0, and the third root A\; has no effect on the characteristic functions. Because
2A 4+ A = /n > 0, at least one root will be positive.

In summary, at least one root will always have a positive real part; therefore, the charac-
teristic functions ¥; will always grow exponentially. In the case of A > 0, the characteristic
functions grow with superimposed (damped) oscillations of period T' = 27 /w. Three distinct
cases can be identified on Figure 1. For mean flow fields such that H > 0, that is,

|R| < Rl,

with
a3

N \/gaz

(e.g., |[R| < 0.271 for the SSG pressure-strain correlation coefficients), the discriminant A

Ra

is always negative, and the three roots will always be real. For values of H such that
—2aay < H <0, that is,

Rl < |R| < RQ,

(e.g., 0.271 < |R| < 1.231 for the SSG), where

1 /1
Ry = —y/-dd + aay,
a9 3

the roots will have a different nature depending on the magnitude of 7, and the evolution
of the stress anisotropy will contain an oscillatory component for sufficiently small values of
n. Finally, for values H < —2aay, that is,



|R| > RQ,

the discriminant A is always positive, and the evolution of the stress anisotropy components
will contain damped oscillations.

The case of a vanishing root is of particular interest. Because A\ A\ A3 = —HfB/n is
always verified, one of the roots is zero (e.g., Ay) if either H = 0 or 1/n = 0. In the case
H =0 (and, thus, R = R1), A < 0 always, and the nonzero roots are real and given by
M3 = B/(2n) £ \/[ﬂ/(Zn)]z + 2aay. In the case 1/np = 0, A = —(H + 2aa,)*/27. When
H > —2aa; (i.e., R < Rz), the roots are all real and are given by the same relations as
for the case H = 0. When H < —2aay (i.e., R > R3), A > 0, and the roots are purely
imaginary. The characteristic functions ¥y and W3 have a purely oscillatory behavior; while
U, is increasing as [ W,. The period of the oscillation is T' = 27 /w, with w? = —(H 4 2aay ).

B. Asymptotic States

It has been shown in the previous section that the characteristic functions ¥, are always
increasing, except when 1/n = 0. For 1/n # 0, when the effect of the initial conditions has
vanished, the exponential that corresponds to the root with the largest real part becomes
dominant, and the ratios of the characteristic functions converge to the values

'q; A *
()| B _ .
qu(t*) o t*—oc0 qu(t*)
] ] (36)
U)o @) 1
(Wa(t) ] e Ua(t) A
where
Ao = max Re(\,).
The asymptotic values of the coefficients B; are given by
L. p
B = —(— = o),
1 2@( - )
CLQR 1 6
B = l——— 37
> 5o Ao%noo)’ (37)
a3 1
BY = —=(1—- ——
3 60z( Aoo 7700)7

where 7, is the equilibrium value achieved by the relative strain parameter. It can be shown
that for any planar homogeneous flow described by the Reynolds stress model equation (2),
a unique relationship holds between the equilibrium value for the production-to-dissipation
ratio (g)oo, the equilibrium relative strain parameter 7,,, and the rotation rate R:

1 PN,
— = 2001 (;) +g. H, for —Riim <R < Riim,
noo oo

1

— =0, otherwise
Moo



where ¢, = (oz(g)oo + 3)7! and

-1

1 /1 P
Riim = —¢—G§ + aay + Bay <—) . (39)
a9 3 &

o0

The equilibrium value of the production-to-dissipation ratio (g)oo is determined by the K

and e evolution equations. For the standard approach, where equations (15) and (16) are
used, this value is given by
P Cop—1
. - . 40
(5 )oo 051 - 1 ( )

For values of the parameter R outside the range [—Riim, Rim], the asymptotic value of the
relative strain parameter is 1/n. = 0, and the representation coefficients given by (37) are

B = =A./(2a), By = a;yR?*/(2a), B3® = as/(6a). (41)

However, as shown before, for values of 1/ = 0, the solution reaches a limit cycle for the
anisotropy, and no asymptotic state exists. The solution (41) is, therefore, spurious because
the real behavior of the anisotropy is purely oscillatory in time.

In a previous study,® an expression equivalent to (37) was obtained from a direct analysis
of the asymptotic state of (8). Written in the present formalism, the asymptotic value for
the representation coefficient By was obtained from the roots of a cubic polynomial in B{®,

2
40*(By°)? — 40£(Bf°)2 + (ﬁ— — H - 2@@1) B® + éal =0, (42)
U R U

which led to the problem of choosing one of the three roots so that the value of B{® was
retained. This question could not be rigorously answered, and the selection of the proper
root was done on the basis of continuity arguments.® With the present dynamic approach of
the Reynolds stress equation, the proper choice for the roots in (42) is obvious and is based
on the limit of a dynamical process. Clearly, the correct root is the one that controls the
asymptotic behavior of the system (i.e., A\s.). In terms of B, By® must be taken as the
root in (42) that has the lowest real part.

In general, planar homogeneous flows can be described by the expression

0u;

7

1
o= 5 (D +w)sudss + (D —w)diabi). (13)
J
which yields
, 1 9 , 1 2
7 =507, =5 lw—2e.0) 7, (44)

where D/2 is the strain rate and w/2 is the rotation rate of the flow. As shown in Table I, a
wide class of homogeneous flows, both with and without system rotation, can be described
in terms of R,

10



TABLE 1. Characterization of Common Homogeneous Turbulent Flows.

Flow lw/D] |2/ D] |R| H
Plane shear 1 0 1 —1.19
Plane strain 0 0 0 0.09
Hyperbolic® <1 0 <1 > —1.19
Elliptic® >1 0 >1 < —1.19
Rotating plane shear 1 0.25, 0.50 0.125, 1.25° 0.07, —1.91

®See Leuchter and Benoit” for a description of this class of flows.

These values are dependent on the pressure-strain rate model used (SSG model in this case).

o

w 5 Q)2
D ““D) -

(45)

As discussed above, the value A = 0 divides the plane (R, 7n) into two regions in which

the Reynolds stress components have distinctly different behaviors in time. These regions
are illustrated in Figure 2; the solid lines are determined by the locus of points (R, 7) such
that A = 0. For realizability (n > 0), only the positive root of 1/ is plotted. Figure 2

1.0
08 7 REGION Il REGION | REGION Il i
’ Damped oscillation Exponential convergen Damped oscillations
[=2]
<
Qo
06 § ]
8
< i
2
041 & B
S A -
5 = T~
3
4]
0.2 - 4
/ X
i~ -R, R Rz\\
Oloi““i‘)r‘l‘i““i“i“i“i“i““i‘l‘\‘i““
-2.0 -15 -1.0 -0.5 0.0 0.5 1.0 15 2.0
R

FIG. 2. Map of time-evolution types for Reynolds stress tensor in (R, 1/n) plane. Boundary

A = 0, ——; locus of equilibrium points 1/7., as function of R, — — —; plane shear, (); plane
strain, &; rotating plane shear ‘%‘ = 0.25 and 0.50, A and <7, respectively.

also shows the locus of asymptotic solutions 1/1., as a function of R, as defined by (38).
(Note the dashed line in Fig. 2.) The symbols correspond to several planar homogeneous
flows. (See Table I.) When the standard equation (16) for the dissipation rate ¢ is used, the
evolution equation for the relative strain parameter n

11



Ay = 2B~ 1) 4 (Ca - 1) (46)
is solved in conjunction with the evolution of the coefficients B;. Because for a given planar
homogeneous flow the value of the parameter R is fixed, the system will evolve along vertical
lines in Figure 2. For values of (R,n) situated in region I of Figure 2, the roots of the
characteristic polynomial are real, and the Reynolds stress components converge to the
asymptotic solution as ratios of real exponentials. In terms of dynamical systems, the
asymptotic solution is a sink. For example, planar strain flows and rotating shear flows with
Q/D = 0.25 will always have an evolution that is characterized by growing exponentials,
for any initial condition on the anisotropy bg or on the relative strain parameter 7. Points
in region II have a time evolution with a damped oscillatory character, and the asymptotic
state is a spiral sink. The rate of damping of the oscillations is proportional to 1/5, with no
damping at all when 1/n = 0. For example, a shear flow with high rotation (/D = 0.5)
is such that R > R,, and the stress components will evolve to their asymptotic value with
damped oscillations. Note that for the homogeneous shear case (R1 < R < Raz), the two
types of evolution can be experienced depending on the value of 1. As already mentioned,
for values R > Rjim, the asymptotic solution for the relative strain parameter is 1/n., = 0,
and the solution is purely oscillatory, i.e., a limit cycle is reached.

V. ILLUSTRATIONS

First, consider a sheared flow (R = 1) in which the turbulent field is subjected to the
following initial conditions:

Mo = 3.38, bi1o = bi20 = byap = 0.

Figure 3 shows the evolution in time of the stress anisotropies predicted by the differential
equation (8) and by the present explicit time solution. Clearly, the anisotropies given by
the present explicit solution are almost indistinguishable from those given by the differential
equation; the difference is attributed to the assumption that dn/dt* ~ 0, which is used
in deriving the explicit solution. (See Appendix C.) From the standpoint of a dynamical
system, 1t is more interesting to consider the evolution of the system variables n and b;; in
the phase plane, as shown in Figure 4.
In the case of an initial anisotropy, for instance,

o = 338, 61170 = —01, 61270 = 02, 62270 = 02,

the present explicit nonequilibrium solution leads to stress evolutions that are almost indis-
tinguishable from those obtained with the differential Reynolds stress equation, as shown in
Figure 5. Moreover, the explicit nonequilibrium solution is remarkably close to the differen-
tial stress equation over a wide range of initial values 5y for the relative strain parameter,
as illustrated in Figure 6, which shows the initial value of n varying from 1 to 100, with
isotropic initial conditions (b;;0 = 0).

For values of the parameter R outside the range [—Rim, Rim], the asymptotic value
for 1/n is shown to be 0 (see equation (38)), and the solution reaches a limit cycle for the
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FIG. 3. Time evolution of stress anisotropies for homogeneous shear case. Initial conditions are
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FIG. 4. Phase plane evolution of stress anisotropies for homogeneous shear case. Initial con-
; differential

ditions are ng = 3.38;b110 = b12,0 = b22,0 = 0. Present nonequilibrium solution,
Reynolds stress equation, - - - ; asymptotic solution, o.

anisotropy. Figure 7 shows the time evolution of the stress anisotropy components in the
case of a rotation-dominated flow for which w/D = 2 (and, thus, R = 2), which is well
outside the range [—Rim, Riim|. The discriminant A is, therefore, always positive. (See
Figure 2.) The initial stress field is taken to be isotropic, and the initial value of the relative
strain parameter is arbitrarily set to a high value (1o = 100) in order to show clearly the
characteristic oscillation of the dynamic system. From its initial bounded value, the relative
strain parameter n grows unboundedly (so that 1/n — 0) with superimposed oscillations, as
illustrated in Figure 8.

In Figures 7 and 8, clearly the present nonequilibrium explicit solution is extremely
accurate in capturing the initial phase of the evolution of the anisotropy. The period of the
oscillations is also captured well by the present nonequilibrium solution. When 1/7 = 0, the
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FIG. 5. Phase plane evolution of stress anisotropies for homogeneous shear case. Initial condi-
tions are 79 = 3.38;b110 = —0.1; b129 = 0.2; ba2 0 = 0.2. Present nonequilibrium solution,
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FIG. 6. Phase plane evolution of stress anisotropies for homogeneous shear case. Initial con-
ditions are by110 = bi120 = b220 = 0, and different values for 7y are used, as labeled. Present

nonequilibrium solution, ; differential Reynolds stress equation, - - - asymptotic solution, o.

solution is purely oscillatory, as discussed before. Because 5 starts from a bounded value, the
oscillations start with a damping component, and their amplitude first decreases in time.
Although the frequency of the oscillations is captured well, the amplitude clearly is not
correctly represented by the present nonequilibrium solution for larger times. This finding is
attributed to the hypothesis dn/dt* ~ 0 that is used in the solution procedure. As the initial
condition 7y takes lower values, the initial damping of the oscillations is stronger, so that as
the limit cycle is approached all oscillations may be nearly killed for the differential stress
evolution; whereas the oscillations for the present explicit solution have not been damped
fast enough, as illustrated in Figure 9, where the initial n value is set to a low value (1o = 2).
As n grows in time, the oscillations of the nonequilibrium solution are not damped at the
correct rate, and the remaining long-term amplitude of the oscillations is not correct.
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VI. CONCLUSIONS

A general procedure has been developed that allows for the investigation of the time
evolution of the Reynolds stress anisotropy components in all planar homogeneous turbulent
flows. The procedure takes the evolution equation for the Reynolds stress anisotropy tensor
and replaces it with an equivalent system of scalar ordinary differential equations. This
equivalent system can then be used for assessing the dynamical behavior of a variety of
turbulence closure models. This includes pressure-strain rate models which are quadratic
(or higher) in the anisotropy tensor and in which other anisotropic effects, such as dissipation
rate anisotropy, can be taken into account. For the case of linear pressure-strain rate models,
the system of ordinary differential equations can be analytically integrated when the relative
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strain parameter is assumed to vary slowly, and an explicit expression can be found for the
time evolution of the anisotropy of the Reynolds stress tensor in all planar homogeneous flow.
The present nonequilibrium solution is extremely effective at capturing the initial behavior
of the modeled Reynolds stress evolution, as well as the equilibrium states. In most cases,
the present explicit nonequilibrium solution predicts stress anisotropies that are quite close
to those given by the modeled differential Reynolds stress anisotropy evolution equation
for all times; the small differences are attributed to the assumption of slow variation of
the relative strain parameter used in obtaining the explicit expression of the time evolution
of the modeled stress anisotropies. It has also been shown that the present nonequilibrium
solution is able to predict all the dynamic features of the Reynolds stress evolution, including
the oscillatory nature of the stress anisotropy for elliptic flows.
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APPENDIX A: REPRESENTATION OF b? — %{bz}I

Consider a symmetric, traceless tensor b for which the elements in any rectangular
coordinate system are functions of the elements of two independent traceless tensors S*
(symmetric) and W* (antisymmetric) in the same coordinate system, which is written as

bij = bi; (St Wiy)-

The forms of these functional relationships also must be independent of the particular co-
ordinate system in which they are expressed; that is, the relation between b, S*, and W* is
isotropic.®

For two-dimensional mean flows, S* has one vanishing eigenvalue, and in the principal
coordinate system of S*, the vorticity vector is aligned with the eigenvector of S* that
corresponds to the vanishing eigenvalue. If the tensor b* is also assumed to have one
eigenvector aligned with the eigenvector of S* that corresponds to the vanishing eigenvalue,
then the tensor b can be represented in terms of the tensors S* and W* and the scalar

invariants {bS*}, {bW=*S*} and {bS**}, as®

(bW*S*} 1

b= {bS"}S" + T (STWT - W'S7) 6{bS}(S* — 1), (A1)

The quadratic term b? — £{b?}I can also be represented in terms of the tensors $* and W*
and the scalar invariants {bS*}, {bW=*S*}, and {bS**}.

If in expression (A1) the symmetric, traceless tensor b is replaced by b? — 1{b?}I, then
the following equation is obtained:

(b?W*S~)
{W~2}

+6({b*S**} — %{lﬂ})(s*? — %I).

1
b* — 2 {b*}I= (b’S")S" + (S*W* — W*S") (A2)

Now, the scalar invariants {b*S*}, {b*W*S*}, and {b*S*?} in (A2) must be expressed in
terms of the scalar invariants {bS*}, {bW=*S*} and {bS**}.

For conciseness, relation (A1) can be rewritten as
3
b = Z a;'T;, (A3)
i=1
where the scalar coefficients a; are
a; = {bS*}, ay = {bW*S*} /{W*?}, az = 6{bS**},
and the tensors T; are given by

T1:S*

Y

1
T, = S"W* — W*S*, Ty = S*% — §I'
Therefore,
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(087} = (BT}, (DW= (b}, (b7} - (b7} = (BT},

and if (A3) is inserted into the above expressions, then

3 3

{szz} == Z Z Cl]‘ak{T]‘TkTi}, (Z == 1,2,3) (A4)

j=1k=1

Finally, the 27 invariants {T,;T;T;}, (¢,7,k = 1,2,3) must be evaluated. As a result of
symmetry properties ((j, k,¢) = (¢,7,k) = (k,4,7)), only 11 invariants must be computed:
(., k) = (1,1,1), (1,1,2), (1,1,3), (1,2,2), (1,2,3), (1,3,2), (1,3,3), (2,2,2), (2,2,3),
(2,3,3), and (3,3,3). With the generalized version of the Cayley-Hamilton theorem,? the
only resulting nonzero invariants are

1 1, 1
{T%TS} = 67 {T§T3} = _g{w 2}7 {Tg} = _%7

together with the invariants that result from the cyclic permutations of the indices. There-
fore, the relations

b*S* zlaa = 2{bS*}{bS™?
(0?87} = casa; = 2(bS"}{bS™},

1
[B*W'S"} = Za205 (W™} = 2{bW'S"} {bS™}, (A5)
1 1 1 1 1 1 {bW=8*}? 2
bZS*Z __b2 :_2__2W*2 __2:_bs*2__7_ bS*Z
{ } 3{ } 6a1 3@2{ } 36a3 6{ } 3 {W*Q} { } Y

lead to the desired expression of the quadratic term in (18).
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APPENDIX B: DERIVATION OF {bS*}, {bW*S*}, AND {bS*2} EQUATIONS

Starting from the tensor evolution equation for the Reynolds stress anisotropy (8), a
system of three scalar ordinary differential equations in the three scalar unknowns {bS*},
{bW*S*}, and {bS*?} can be derived.

By multiplying relation (8) by S*, taking the trace of the equation, and using the results
of Appendix A to express {b*S*} in terms of {bS*} and {bS**}, the following equation is
obtained:

db
{dt*

S} = _gi{bs*} ~ 2a5{bS™?} + 2a,{bW*S*} (B1)

2@4

b }{bS*2} — a, — {L*S"}.

Similarly, multiplying equation (8) by either W*S* or §** and taking the trace of the equa-
tion leads to the following equations, respectively:

{Zﬁw*s*} _ —%{bW*S*} _ agcz{bs b+ 2ﬁ{bw*s 1{bS™} — {L"W"S"}, (B2)
and
(G5 = DS} = Jaa{bS") + (b8’ (B3)

+3—C—2{bw*s I 4{bS*2}2—{L*SQ*}.

In obtaining these two equations, the following relations are used:

(bS*} = %{bs*}, 2{(bW=2S*} + {bW*S*W*} = _lg{bs 1,

which are consequences of the Cayley-Hamilton theorem.? Because the velocity gradients
have been assumed independent of time, the following can easily be verified:

db
S} = bS~
{dt* b= dt*{ b
{db W*S™} = {bW*S 1, (BA)
dt* dt*
db
SZ* _ bS*2
{dt* b= dt*{ g

Equations (B1), (B2), and (B3) lead, therefore, to the desired system of scalar ordinary
differential equations for the invariants {bS*}, {bW=*S*}, and {bS*?},
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d
dt>

(bS} = — L {bS*} — 2a5{bS™} + 20 {bW*S"}
an

2
—a = {787 4 S H{bSTHDBS ),

d 1 2
2
+ 2 WSt} {bS™2),
0
d | |
{bS} = ——{bS™} — Sas{bS"} — {L'S} + ~{bS}’
dt* an 3 6n
2
+ AT (hwesy? — L ibs)’,
31 ¢ n

20



APPENDIX C: SOLUTION OF ANISOTROPY EVOLUTION EQUATION

The change of variables

Bl = 77Z)7 (Cl)
Bo= 20— 280 (2)
By =~ 570, (C3)

transforms system (21) into the quadratic system of ordinary differential equations

é:=(%Ww—§)<, (1)
éz(%w—§)¢+ﬂm (C5)
¢=(%@—§)¢+¢—m, (C6)

where
2 4 2152
H = 303~ 2a5R".
System (C4) — (C6) is subjected to the following initial conditions:

77Z)0 - ¢(0) = Bl,Ov
b0 = ¢(0) = 2a3B20 — 2a3Bs, (CT)
Co=¢(0) = (%G2G3Bz,0 - 2@7223370) JH.

In this system, the evolution of the two variables ¢» and ¢ is independent of the evolution
of the variable (. Therefore, the quadratic system of ordinary differential equations

¢=—§¢+H¢+mw¢, (Cs)
¢=—§¢+¢+2mﬁ—ah (C9)

can be solved, and the evolution of ( is deduced by integrating (C4),

C(t*) = Coexp /Ot* l?a@/}(s) — %1 ds. (C10)

By integrating (C8), the evolution of ¢ can be given as a function of 1,

*

H(t7) = 1o B (s) =6 /()]s / ' (r)e™ o Bao=Bln(Nds g, 4 boels (a5 ns. (C11)

0
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By introducing the transformation
L fel) 0
)= —— — C12
o) =50 (20 ). (C12)

equation (C11) can now be rewritten as

H n 1
200 2aw(t*)

o(17) = — [w(O)(H +2a60) + 51 | : “((55 ds] , (C13)

ns

and equation (C9) can be written in terms of w as the following integro-differential equation:

o= ﬁ% +(H + 200 — L) - 51{/ (0)(H + 2adp). (C14)

where w(0) can take any nonzero value and w(0) = —w( )(2athg — B/no) = —w(0)(2aBy g —
B/no), with ng = n(0) as the initial value of the relative strain parameter. Equation (C14)
is integrated with the following transformation

Wy = /w/n,

Uy =y =w/n,

Wy = Uy = i/ +w(l/n),

Wy = Uy =&/ + 26(1/n) +w(1/n).

The functions W; are the solution of

\I/l — \IIQ,
\IIQ — \I}3,

' . ' |
U, = _gﬂnpl + (H + 200, — %) Vst (5= i)W - %%(0)(1{ + ),

(C15)
where the initial conditions are given by W1(0) = 0, U5(0) # 0, and U5(0) = —Wy(0)(2aB10—
5/770 - 770/770); and H® = 209 = 404(%32,0 - G3B3,o)-

In the general case for which the relative strain parameter varies in time, system (C15)
is a linear system of ordinary differential equations with variable coefficients. In the case of
slow variations of 7, the approximations

Too, Tao (C16)
n n

are valid, and the solution of the system of ordinary differential equations (C15) yields

Zﬂr M v(H + H),

3
Uy(t") = K Z ,uTeArt*, (C17)
r=1
3 *
\113(t*) =K Z/LT)\TGATt 5
r=1



where K = Wy(0)[(A2 — A1)(Az — A1) (A3 — A2)] 7! and

pe =[N = 20B1 A, — (H + H°)] (A, — \,), (C18)
YT D VD VD VD Ve ¥
D VR VO

14

(C19)

In (C18), the indices p and ¢ are chosen such that e,,, = —1. The )\, are eigenvalues that
are obtained as roots of the following third-order characteristic polynomial:

A% — é)\z — (H 4 20a1) X + éH = 0. (C20)
n

n

Finally, in terms of the original variables B;(t*) the explicit solution is

O N (1)
i) =52 [n(t*) - %(t*)]’

L wR B W) Wy(0)
Balt') = 2a [1 () Wa(t) ‘I’z(t*)] * Wy (t)

By g, (C21)

Bs(t) =

@[1_ gt ‘1’2(0)] L+ 22(0) Bso.

6o | ) Wa(t)  Wu(r)| W)

In (C21), the initial condition W4(0) # 0 is arbitrary, and its value can, therefore, be taken
as Wy(0) = 1.
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